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ABSTRACT 
The energy resolution of spectra derived from dose and charge versus depth 
measurements performed in a uniform water phantom are examined. A Markov chain 
Monte Carlo (MCMC) method has been devised to determine spectra for broad parallel 
electron beams. The MCMC method presented here is an example of an inverse 
Monte Carlo method. MCMC is able to consider the contribution of electrons sampled 
from a prior continuous energy domain. Minimum resolutions acquired for pre-
computed dose and charge distributions of 10 MeV electrons are 0.28 MeV and 
0.59MeV respectively. The resolution of pre-computed bi-energetic sources are 
demonstrated and realistic beam spectra are examined for two therapeutic linear 
accelerators. 
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Introduction

This is a short study examining resolution limits to the reconstruction of elec-
tron spectra from in-phantom dose and charge distributions. Another means
of determining electron spectra is magnetic spectrometry [1, 2, 3, 4] but this
equipment is not likely to be available to radiation workers, particularly in a
radiotherapy setting. Calculations will be presented that are based on the in-
verse Monte Carlo method [5, 6]. Here the usual forward Monte Carlo method
is extended so that dose and charge distributions, computed for an absorbing
medium, are compared with measurements and weighted accordingly. The
technique is similar to importance sampling in this respect. A comparable
technique, the determination of megavoltage photon spectra from transmis-
sion measurements, is reasonably accurate [7, 8, 9, 10, 11, 12] though, as
scatter in the absorbing materials can be minimised, Monte Carlo or compa-
rable methods are not required. Only a few workers [13, 14, 15, 16, 17, 18]
have demonstrated such methods for the reconstruction of electron spectra.

Two types of the inverse Monte Carlo method will be described here,
iterative and non-iterative. The non-iterative inverse method requires that
the phase space domain and the spatial distribution of dose or charge be
parameterised to form a kernel. The iterative inverse method, also known as
Markov chain Monte Carlo (MCMC) enables particles to be sampled from a
continuous phase-space domain. The method has been used here to examine
potential energy resolution limits as it is preferable not to discretise the
spectral domain. A large sample space in the phase-space of a beam, such
as would be encountered with scattering or degrading applicators in electron
radiotherapy, may be another motivation to avoid discretisation.

For the general problem of spectrum unfolding, the non-iterative inverse
method is very useful and for this reason it is described below.

Methods

Non-iterative inverse Monte Carlo

The non-iterative inverse method determines a matrix kernel, T , de�ned by

Tw =m (1)

where w is a set of weightings and m the measured data. T is therefore
made up of columns consisting of dose or charge distributions computed for
each element in a discrete set of incident particles. The system described in
equation 1 is solved bearing in mind the positivity constraint on the weight-
ings, w, and distribution, m. In general the problem is ill-conditioned, so a
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set of spectral weightings fwg will satisfy the equation within some degree
of tolerence. The choice of grid size will be in
uenced by the quality (spatial
resolution) of the measured data.

As such the electron range is �nite and, to a reasonable approximation,
range related parameters such as Rp and R50 [19] are a linear function of
beam energy. Consequently the matrix, T , approximates an upper-triangular
or Row-Echelon form and comes into a class of problems that are easily
solved using a back-substitution or stripping technique. The implication is
that broad electron beams should characterise well the electron spectra that
contribute to them.

Two approaches are recommended to solve equation 1. Firstly, simulated
annealing and/or simplex methods [20] are useful in that a minimising least-
squares function can be sought that includes a positivity constraint. Sec-
ondly, maximum likelihood methods [21, 22, 23, 24, 25] demonstrate good
convergence properties and are easy to implement.

Iterative inverse/ Markov chain Monte Carlo

The Markov chain Monte Carlo (MCMC) method [26, 27] can be used to
�nd a stable minimum di�erence between an expected or measured result
and a series of estimates. This is the basis of the simulated annealing algo-
rithm [28]. If the estimate is constructed from a conditional series of Monte
Carlo results generated from a prior distribution, the technique is called the
iterative inverse or reverse Monte Carlo method [29].

In our implementation, a prior phase space distribution is sampled and
Monte Carlo dose and charge distributions are generated. Discrepencies be-
tween the simulated and measured distributions, in terms of a sum of square
di�erences, are compared to the variance. Unlikely departures are rejected
on a basis of their statistical signi�cance. Because only a �nite number of
histories, h, are sampled per iteration, the rejection may be unfounded. This
e�ect introduces a bias to the Monte Carlo method and will lead to an error
in the computation if uncorrected. An increased number of runs of the same
particle will ultimately con�rm its place in a distribution.

The advantage of the iterative method is that it is not necessary to store
a kernel, nor is it necessary to discretise the problem. It is particularly well
suited to problems that are required to be solved only once. In radiotherapy
treatment set-ups, anatomies can di�er greatly from patient to patient, hence
the potential for the use of such methods in this context.

In this paper we are interested in the resolution of energy spectra deter-
mined from dose and charge versus depth distribution and to begin with we
will examine a monoenergetic (10 MeV) source. The peak is broadened by
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process inherent to the measurement technique and by the method of inver-
sion. The output from the iterative technique is a series of incident particles
most likely to contribute to the monoenergetic distribution. The resolution
can been assessed by computing a mean energy and standard deviation for
this series. For a normal distribution the full-width-half-maximum (FWHM)
of the peak is proportional to the standard deviation.

Implementation

Dose and charge distributions are computed using EGS4 [30] with the fixtms
option [31] (estepe = 0.01, pcut = 0.100 MeV, ecut = 0.611 MeV). The
simulated geometry is a water phantom of 20 cm diameter and 30 cm depth.
An electron is incident as a pencil beam with an energy sampled from an
appropriate range. Dose and charge are scored within 200 20 cm diameter
slabs, typically 0.5 mm thick. The acquired data is thus equivalent to a dose
or charge versus depth distribution for broad-parallel beam.

Dose is calculated in terms of energy deposited (by accumulating edep
in the subroutine ausgab). Charge is handled in the howfar routine in the
following manner. If at the end of the howfar subroutine it is determined
that a boundary is to be crossed then the charge of the current particle is
subtracted from the old region and added to the new region. The charge
of each incident electron must be added to the initial region prior to calling
shower.

Variance is also computed and is essential to the operation this MCMC
method. It is the variance that provides the iterative scheme with a \cool-
ing" schedule that gradually admits better estimates to the solution. The
variance improves as 1=n, where n is the iteration number, so the method
has similarities to the fast-simulated annealing method [32, 33].

Variance is determined, on-the-
y, by accumulating the square of the
deposited dose or charge at the end of each iteration. In this manner the
probability of an event occuring in any particular slab, where the incident
particle is sampled from a random distribution, is constant and the energy
or charge deposited in each phantom slab is therefore Poisson distributed.

At the nth iteration the algorithm is described as follows:

1. A sample is taken from the set de�ning by our prior knowledge of the
incident beam. Here an electron of incident energy, "n, is sampled from
a range of possible values.

2. The particle transport is calculated h times and the energy or charge
deposition, T" added to a discrete array, Sn(zl) = Sn�1(zl) + T"(zl).
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l is a scoring region (at a particular depth zl) in the scoring array.
l = 1; 2; :::; lmax where lmax is the size of the array.

3. Concurrently an array of variances, (�2)n(zl), is updated.

4. A �2 value is determined from the sum over the scoring array for
squares of di�erences between the accumulated result Sn(zl) and a set
of measurements, M(zl).

�2 =
X

l

jSn(zl)�M(zl)j2 (2)

The calculation and measurement are normalised so that the integral of
the energy or charge deposited over all z is 1. The normalisation at each
step can be determined most eÆciently by subtracting the quantity of
dose or charge that leaves the dose scoring region from the incident
kinetic energy of the particle (energy conservation must therefore be
assured).

5. Likewise a total variance, �2 =
P

l(�
2)n(zl) is determined

6. If �2 is less than �2, the candidate is accepted, the values of n, ", �2

and �2 are output and n is incremented.

As the algorithm proceeds, the variance reduces and the acceptance cri-
terion becomes more stringent until only particles that are suÆciently near
to the distribution are being accepted. Note that from a performance point
of view, the summations over the scoring arrays are costly and a �2 and �2

updated at each energy deposition (in, say, ausgab) would be preferable.
The �nite size of h introduces a bias into the calculation which means that

outliers have some probability of contributing to the spectrum in accordance
with the statistical test used to compute its probability of belonging to the
distribution. This leads to a broadening of the spectrum beyond that which
can be ascribed to the inherent resolution of the problem. Improving the
variance for the comparative steps by increasing the number of histories per
iteration is more successful than tightening the acceptance criterion.

In practice it is diÆcult to accurately determine the variance for the
�rst few iterations and the algorithm can stall under these circumstances
particularly if the spectrum is broad or has special features. The number of
histories per iteration, h, may need to be increased slowly until it reaches
a satisfactory value and equilibrium conditions are met. The collection of
output from the algorithm is delayed until satisfactory levels of variance are
reached (say, in comparison with the experimental uncertainty) and h is
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at a level appropriate to the resolution of the problem. The length of the
initialisation is called the \burn-in" period, nb [34].

It is the issue of having to predetermine special parameters in Markov
chain and simulated annealing methods that often generates criticism. The
above formulation has no special \cooling schedule" as the reduction in the
size of the stochastic step is enforced by the natural mode of summation of
the Monte Carlo method. Instead only two parameters, h and nb must be
optimised for the problem at hand.

The eÆciency of the method depends on the hit-rate, which is the propor-
tion of histories admitted into the solution. If a highly peaked distribution
is to be determined from a broad sampling range then the eÆciency will be
poor. The hit-rate decreases as h is increased and stabilises as the system
approaches equilibrium, providing a means to assess appropriate values of h
and nb.

It turns out that the variance per history for a charge distribution is
greater than for dose. The deposition of charge by electrons is comparable
to the deposition of energy by photons in that it is localised. Realistic elec-
tron beams have been studied where it is diÆcult to separate the electron
and photon components. In this case we introduce electron and photon his-
tories with equal weightings of accumulated dose but substantially di�erent
variances. The algorithm appears to handle this circumstance.

In the following section, results for the MCMC method will be presented
that have di�ering burn-in periods and di�ering histories per step. Here we
are attempting to determine a resolution for spectra derived from dose or
charge versus depth distributions for a broad beam which we represent in
terms of a FWHM.

Results

Monoenergetic spectra

The purpose of this calculation is to investigate the performance of the
MCMC algorithm, so rather than use measured data, dose and charge dis-
tributions were calculated using EGS4 (with the same transport parameters
as in step 2 of the algorithm) for a monoenergetic 10 MeV broad-beam of
electrons (�gure 1). A total of 107 histories were generated leading to a root-
mean-square (rms) statistical error of 0:07% for the dose distribution and
0:45% for the charge distribution as a percentage of dose/ charge maximum.

The MCMC algorithm is run with a range of values of h and nb. The
FWHM acquired are presented in table 1. The rms error is determined from
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Figure 1: Dose and charge (upper and lower curves respectively) versus depth
for a 10.511 MeV broad-parallel beam of electrons calculated with EGS4
using 107 histories.
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Measurement Burn-in (nb) rms at nb Hist./iter. (h) FWHM
Dose 105 0.27% 1 6.9 MeV

105 0.27% 2 4.3 MeV
105 0.27% 3 3.6 MeV
105 0.27% 10 2.3 MeV
3600 1.8% 100 1.6 MeV
3600 1.8% 1000 0.66 MeV
13000 0.8% 50 1.52 MeV
27000 0.5% 100 1.31 MeV
27000 0.5% 1000 0.63 MeV
:27� 106 0.17% 1000 0.61 MeV
:27� 106 0.17% 10000 0.28 MeV

Charge 106 0.59% 1 5.7 MeV
106 0.59% 2 4.1 MeV
106 0.59% 3 3.4 MeV
106 0.59% 10 2.5 MeV
2800 10% 100 1.77 MeV
2800 10% 1000 0.66 MeV
32000 3.3% 100 1.50 MeV
32000 3.3% 1000 0.87 MeV
:3� 106 1.1% 100 1.29 MeV
:3� 106 1.1% 1000 0.87 MeV
:3� 106 1.1% 10000 0.59 MeV

Table 1: Theoretical resolution (FWHM) of a 10 MeV broad parallel electron
source from dose and charge versus depth distributions using the MCMC
algorithm for a range of histories per iteration h. At the completion of
the burn-in period, nb, the stated rms error between the calculation and
measurement distributions has been achieved.

the sum of square di�erences between the calculated and measured distri-
butions as a proportion of the dose/ charge maximum. The FWHM have
been plotted against 1=

p
h (�gure 2) which is proportional to the variance

in the additive, T", distributions computed for each iterative step. The limit
of the FWHM as this variance goes to zero will give an inherent resolution
for the type and quality of measurement. Despite a greater variance in the
calculation of charge distributions, the FWHM are similar to those reported
for dose distributions.

The smallest resolutions obtained were 0.28 MeV and 0.59 MeV for dose
and charge distributions for an rms error of 0:17% and 1:1%, respectively,
as a percentage of the dose/charge maximum. The burn-in period was 106
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Figure 2: Resolution limits for a 10 MeV monoenergetic electron spectra
generated from dose and charge versus depth relationships. The resolution
is a function of the variance of the distribution determined for each iterative
step which relates to h the number of histories per iteration.

histories after which 10000 histories per iteration were used. These results are
potentially compromised by the statistical noise of the \measurement" data
set. There is, however, no correlation between the Monte Carlo generated
distributions and we would expect the behaviour of the algorithm in these
tests to be typical of a measured data set with a normally distributed error.

Bienergetic and realistic spectra

Further studies have been performed with more complex spectra. Firstly,
dose versus depth distributions are computed consisting of two monoenergetic
sources of equal weighting and examined to demonstrate the resolving power
of the method. Secondly, measured depth-dose curves from two therapeutic
linear accelerators are examined.
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Figure 3: Spectrum determined from a pre-calculated depth-dose distribution
comprised of 9 and 11 MeV electrons. The number of histories per iteration
is h.

Clear resolution of a 9 and 11 MeV electron source is demonstrated for
electrons acquired using batches of 100 and 1000 histories per iteration (�g-
ure 3) with theoretical resolutions of 1.31 MeV and 0.61 MeV respectively
(from table 1). A third calculation was performed in which the prior distribu-
tion, assumed by the MCMC algorithm, was generalised to include a photon
component with a uniform distribution. We found that the algorithm is able
to exclude such a photon component to 17% of the total 
uence and that the
resolution of the electron spectrum is slightly degraded.

A 10 and 20 MeV electron source is well resolved (�gure 4). The areas
under the peaks are equal but the 10 MeV peak is somewhat broader than
predicted. The broadening may be due to the larger grid spacing (1 cm) used
to accommodate the larger domain. The FWHM resolution is inevitably a
function of energy though we have not studied this.

Spectra have been calculated for for a 9 MeV modality of a Varian 2100C
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Figure 4: Spectrum determined from a pre-calculated depth-dose distribution
comprised of 10 and 20 MeV electrons. A burn-in of 67000 histories followed
by batches of 100 histories per iteration have been used. The FWHM for the
10 MeV peak is 1.84 MeV and the 20 MeV peak is 2.36 MeV

(10 � 10 cm2 applicator) and a 8 MeV electron modality on a Philips SL15
(14 � 14 cm2 applicator) linear accelerators. The depth dose curves have
been measured with an NACP chamber(�gure 5). Here it is assumed that
the beams are broad and parallel. Indeed, electron depth-dose curves at
these energies change little with increases in �eld size beyond 5 � 5 cm2.
The MCMC algorithm was used with a burn-in of 30000 histories and 100
histories per iteration.

The resulting spectra are shown in �gure 6. The photon contamination,
i.e. photons which are produced in the head, raises several important issues.
The photon component can be treated separately as suggested by various
authors [35, 36, 37] but additional photons will be generated in phantom and
are diÆcult to distinguish. It is easier to include photons in the prior distri-
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Figure 5: Percentage dose versus depth for the 8 MeV electrons modality
on a Philips SL15 with a 14 � 14 cm2 applicator and the 9 MeV electrons
modality on a Varian 2100C with a 10� 10 cm2 applicator.

bution though the consequence is that some photons will be admitted to the
distribution simply because the changes are small enough. The resolution of
the photon component will certainly be worse than for an electron spectrum.
We have not attempted, in this work, to investigate the ability of the MCMC
algorithm to resolve a photon spectrum.

The determination of dose with an ionisation chamber requires a correc-
tion for the changes in the relative stopping powers of water and air with
depth which may be diÆcult to determine without the energy spectrum as
a function of depth. An alternative is to weight each energy deposition by
a restricted mass-collision stopping power ratio and converge instead to a
depth-ionisation distribution.

Real charge versus depth measurements have not been analysed here but
the techniques described by Roos [38] and Perry et al [39] (see also ICRU-50

11



0

500

1000

1500

2000

0 2 4 6 8 10

Energy (MeV)

F
lu

en
ce

, d
if

fe
re

n
ti

al
 in

 e
n

er
g

y 9 MeV Varian 2100C

8 MeV Philips SL15

Photons (9 MeV)

Photons (8 MeV)

Figure 6: Spectra determined from dose versus depth measurements for the 9
MeV electrons modality on a Varian 2100C and the 8 MeV electrons modality
on a Philips SL15. Photons dominate at lower energies but deposite less dose.

[19] for further citations) suggest that accurate measurements can be made
of this quantity.

Conclusion

The iterative-inverse/Markov chain Monte Carlo method has been investi-
gated for the in-phantom based determination of electron spectra. The res-
olution achieved has been shown to be depend on a new parameter - the
number of the batched histories per iterative step. We have found no evi-
dence for a fundamental limit to the resolution achievable using the MCMC
method. The resolutions achieved in this study at 10 MeV are 0.28 MeV for
dose versus depth measures and 0.59 MeV for charge versus depth measures.
These results are an upper bound and further investigations are necessary.
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